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Abstract 

We study the Borel reducibility of isomorphism relations in the generalized Baire space k’^. In the 
main result we show for inaccessible k, that if T is a classifiable theory and T' is stable with OCP, then 
the isomorphism of models of T is Borel reducible to the isomorphism of models of T'. 


1 Introduction 

One of the main motivations behind writing IFHK14I was the possibility that Borel reducibility in gener¬ 
alized Baire spaces can be used to measure the complexity of countable first-order theories (we concen¬ 
trated on elementary classes with countable vocabulary, since for them there is a lot of structure theory): 
We say that T is simpler than T' if the isomorphism relation among models of T with universe k (=t) 
is Borel (or continuously) reducible to the isomorphism relation among the models of T' with universe 
K. Here, and throughout the paper, we assume that = k > Hq (see IIFHK14II for the discussion why 
K = Hg does not work). The results reviewed in this introduction often require further assumptions on 
K, but for sake of clarity the details are omitted and the reader is referred to the original papers for 
the exact assumptions on k. The question when such reduction exists turned out to be harder than we 
expected. 

In IFHK14I the results were negative: It was shown that if T is classifiable (superstable with NOTOP and 
NDOP) and shallow and T' is not, then = ji is not Borel reducible to =t and that at least consistently, if 
T is classifiable and T' is not, then =ji is not Borel reducible to = 7 . 

In IHK14I , some positive results were obtained: If V = L, then all the equivalence relations are 
reducible to =dlo> where DLO is the theory of dense linear orderings without end points (in lFS89l it 
was proved for k = co that =dlo is Borel complete, and the proof in IIHK14I is similar). Also it was 
shown that consistently the same is true for Ta)+w (see below). Obviously, there are theories for which 
this holds trivially e.g. graphs (even random graphs with a bit more work). Also it was shown that if a 
theory T' has this property and V = L, then = 7 / is -complete. 

Finally by combining Corollary 15 from IFHKII and the proof of Theorem 16 from IIHK14L it follows that 
if T is classifiable and shallow, then =7 is reducible to —Tco+co- 

In this paper we improve two of the results mentioned above. We start by showing that if T is clas¬ 
sifiable, then =7 is Borel reducible to = 7 ^ (again, see below) and that ifV = L, then = 7 ^ is Ii|-complete. 
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And then under heavy assumptions on k, we generalize a lot: We show that if T is classifiable and T' is 
stable with OCP (see below), then =j is continuously reducible to =ji and if in addition V = L, then 
=ji is -complete. The property OCP implies that T' is unsuperstable and it is common among stable 
unsuperstable theories. E.g. both To, and Ta;+aj mentioned above have it. It is also easy to find complete 
theories of abelian groups (or more generally elementary theories of ultrametric spaces) that have the 
property. What does not seem to be easy, is to find a strictly stable theory that does not have the property. 

We are going to work on the generalised Baire space with the following topology. For every ^ e , 
we call the set 

[^] = {)/ e c tj} 

a basic open set. Then the open sets are of the form |J X where X is a collection of basic open sets. The 
K-Borel space of is the smallest set, which contains the basic open sets, and is closed under unions 
and intersections, both of length k. A Borel set, is any element of the K-Borel space. Suppose X and Y 
are subsets of k*^, a function f : X ^ Y is a Borel function, if for every open set A C Y, f~^ [A] is a Borel 
set in X of K*-. 

Suppose X and Y are subsets of k*^, let Ej and E 2 be equivalent relations on X and Y respectively. 
If a function f : X ^ Y satisfies Ei(x,i/) E 2 (/(x),/(i/)), we say that / is a reduction of Ei to £2- If 
there exists a Borel function that is a reduction, we say that Ej is Borel reducible to £2 and we denote 
it by El <B £ 2 - If there exists a continuous function that is a reduction, we say that Ei is continuously 
reducible to £2 and we denote it by Ei <c £2- 

For every regular cardinal ji < k, we say that a set A C k is a p-club if it is unbounded and closed 
under ^-limits. Clearly the intersection of two p-clubs is also a p-club and every //-club is stationary. 

On the space k^, we say that f,g G k’^ are E|) equivalent (/ EJ) g) if the set {a < K|/(a) = ^(a)} 
contains a //-club. 


2 Classifiable Theories 

Let us fix a countable relation vocabulary £ = I”/ ^ £ ‘^\{0}}/ where n-ary relation. 

Fix a bijection g : a;\{0} x a;\{0} —> co, define Psin,m) := rewrite £ = {Pn|n < a;}. Denote 

g”^(a) by When we describe a complete theory T in a vocabulary L C £, we think it 

as a complete £-theory T U {'ix~^Pn{x)\Pn G £\E}. We can code £-structures with domain k as follows. 

Definition 2.1. Fix n a bijection between and k. For every rj E k’^ define the structure At; with domain k 
as follows. 

For every tuple [ai,a2,...,a„) in k" 

(fli,fl 2 / ■■■,an) G Pm’ n = gf^{m) and rj{n{m, 0 ^, 02 , ...,«„))> 0. 

This defines a map from onto the set of £-structures with domain k. 

Definition 2.2. (The isomorphism relation) Assume T a complete first order theory in a countable vocabulary and 
rj,^ E k’^, we define =t as the relation 

{(//,0I(A^ \=T,A^\= T,A,, ^ A^) or (A^ ^ T,A^ ^ T)} 
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The following game is the usual Ehrenfeucht-Fraisse game with structures of domain k and moves coded 
by ordinals. The Ehrenfeucht-Fraisse game will be useful for the study oi =j when T is classifiable. 
Shelah proved llShe90l that when T is classifiable, two models A and B are isomorphic if and only if the 
second player has a winning strategy in the Ehrenfeucht-Fraisse game EF^(^, B). 

We will show that the existence of a winning strategy depends on the existence of a club on k. We can 
study the isomorphism relation by studying the relation 

Definition 2.3. (Ehrenfeucht-Fraisse game) Fix cm enumeration of the elements ofVKin) and {f'y}'Y<K 

an enumeration of all the functions with domain in Pk(k) and range in Vk{k). For every pair of structures A and 
B with domain k, the EF’^(A, B) is a game played by the players I and II as follows. 

In the n-th move, first I chooses an ordinal fn<K such that c Xp^, and then II an ordinal 6 „ < k such 

that C dom{feJ D rang{f 0 j and fe^_^ C fe„ (ifn = 0 then Xp^_^ = 0 and fe^_^ = &). 

The game finishes after co moves. The player II wins : A ^ B is a partial isomorphism, otherwise the 

player I wins. 

For every ol < k we can define the restricted game EF^(.A \a, B \a) for structures A and B with domain 
K, as follows. 

In the n-th move, first I choose an ordinal f>n < cl such that Xp^ c cl, X^^_^ C X^^, and then II an ordinal 
e„ < a such that dom{fgJ,rang{fgJ c a, C dom{fgJ n rang{fgj) and fg^_^ C fg^ (if n = 0 then 
Xpn_i = 0 and = 0). The game finishes after cv moves. The player II wins if Uf^^fg. : A B (ft 
is a partial isomorphism, otherwise the player I wins. 

Notice that now wining strategies are functions from to k. 

We will write 11 EF^(A \a,B (a) when I has a wirming strategy in the game EF^(A. \a,B [■«), similarly 
we write II t EF^(A \a,B («) when II has a wirming strategy. 

Lemma 2.4. If A and B are structures with domain k, then the following hold: 

• II t EF^{A,B) II t EF^(A \ix,B Ik) for club-many cl. 

• 1 1 EF^A, B)^lf EF%{A U, B U)/or club-many cl. 

Proof. Let us start by, II t EF^(A, => II t EF^(A. \a,B («) for club-many a. 

Suppose (7 is a winning strategy for II and denote by Ca the club {a < k : C a}. De¬ 

fine the function H : k —)■ k by H{ol) = sup[rang[fa) U dom{fc() U X^), this function defines the club 
Ch '■= {t < K|Va < 'y{H{cL) < 7)}. 

For all a G Ccr n C^f, oc satisfies C cl and every f < cl satisfies sup(rang{fp) U dom{fp)) < ol. Then 

the domain and range of fp are subsets of cl. We conclude that cr (^< 0 ; is a wirming strategy for II in the 
restricted game EFJ^(A (a, (a). Since the intersection of clubs is a club, then there are club many cl 

such that II t EF^(A \ot,B («)■ 

The case 11 EF^(A., B) EF^(A \oi,B (a) for club-many cl is similar. 

The two directions (from left to right) are proved in the same way, and thus we show only one. Suppose 
there are club many ol such that II f EF^(A \ol,B (a) (denote this club by Cn) and there is no winning 
strategy for II in the game EF^{A,B). Since this game is a determined game, then I f EF'f{A,B). We 
already showed that this implies the existence of club many ol such that I f EFJJ,(A \a,B |"«;) (denote this 
club by Ci). Since the intersection of clubs is a club, then Cj D Cn 7 ^ 0. Therefore, there exists ol, such 
that both players have a winning strategy for the game EF^(A, B (a), a contradiction. □ 
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Corollary 2.5. For every y < k and every pair of structures A and B with domain k, 


II t EFlj(A,B) II t EF’^{A \a,B \a)for y-club-many a. 


By Shelah's result IIShe90ll we know that a classifiable theory, II f EE’f{A,B) implies that A and B are 
isomorphic. Therefore, for all J/, ^ e k^, the player II f EF^(.4^,.4^) if and only if rj =t E,. We can use 
the restricted games to define new relations, one relation for each a. By the previous corollary, we can 
use these relations to study the isomorphism relation. 

Definition 2.6. Assume T is a complete first order theory in a countable vocabulary. For every ol < k and 
rj,^ & we write rj f if one of the following holds, A,j \ci^ T and A^ T, or Ar^ I'a^ T, A^ UH ^ 
and ll f EFl^iAr, U,A^ U). 

Notice that for each ol < k, R'^p is a relation on k’^ x k’^ but it is not necessarily an equivalence relation. 
Fortunately there are club-many cc such that Rpp is an equivalence relation. 

Lemma 2.7. For every complete first order theory T in a countable vocabulary, there are club many ol such that 
Rpp is an equivalence relation. 

Proof. Define the following functions: 

• hi : K ^ K, hi{oL) = 7 where fy is the identity function of X^. 

• /Z 2 : K —)■ K, /J 2 (a) = 7 where f~^ = fy. 

• h^ : ^ K, h^{oL, f) = Xcc U Xji = Xy. 

• /Z 4 : K — 7 - K, / 24 (a) = rang{foc) = Xy. 

• h^ : K ^ K, h^{oL) = dom{fcc) = Xy. 

• h(, :k^ ^ K, h(,{oL, /5) = 7 where fao fp = fy, /« o is defined on the set f^^ [i'ang{fp) n dom{fcc)]. 
Each of these functions defines a club, 

• Ci = {7 < K|Va < y{hi{a) < 7 )} for i e { 1 , 2 ,4,5}. 

• Ci = {7 < K|V/5,a < ^{hi{oL,f>) < 7 )} for i e (3,6). 

Denote by C the club We will show that for every ol E C, Rpp is an equivalence relation. 

By definition q Rpp ^ implies that either both Aij and A^ are models of T or non of them is a model of 
T. Thus Rpp = R~ U R+, where R~ is the restriction of Rpp to the set A = {q E k\A,j T} and R+ is 
the restriction of Rpp to the complement of A. Since R~ n R~^ = 0, it is enough to prove that R~ and 
R~^ are equivalence relations. 

By definition it is easy to see that R~ = A x A, therefore R~ is an equivalence relation. Now we will 
prove that R+ is an equivalence relation. 

Reflexivity 

By the way Ci was defined, for every f> < ol, hilf) < ol and is the identity function of Xp. There¬ 
fore, the functionc7'(({3o//^i/-•=/ 2 i(/ln) is a wirming strategy for II in the game EF^(^,^ \x,A,j ta)- 
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Symmetry 

Let cr be a winning strategy for II in the game la,Ag fa)- Since a e C 2 and cr((/5o,• • • / j 6 n)) < 

a, we know that /! 2 (cr((/ 3 o,/5i,.. .,fin))) < Notice that if Ui<cvfei : a —s- a is a partial isomorphism 
from A,j ["a to A^ \oi, then ^i<Lofh 2 {ei) ~ ^i<Lofe.^ is a partial isomorphism from A^ ["« to Ajj fa;. There¬ 
fore, the function (7’{{fiQ, fii,.. .,^n)) = i* 2 (c^((/io//ii/ • • ■r^n))) is a wirming strategy for II in the game 
EFl^iA^ \„Ay U). 

Transitivity 

Let C 7 i and <12 be two winning strategies for II on the games \a,A^ fa) and EF^(^^ \a,A^ fa)/ 

respectively. 

For a given tuple (j 6 o/ ^ 1 , ■ • ■, jSn) let us construct by induction the tuples ( 70 ,7i/ • • • / 7«)/ (^O' ■■■' ^in+i)' 

and the functions /(i^n)/ Sn and f{ 2 ,n)'- 

1. Let /5 q = /3o and for i > 0, let be the least ordinal such that ^ U X^. = X^^. 

3. 7 , is the ordinal such that Xj. = ,j). 

Si •= /<r2((T0/7l/-/7!))' 

5. /l 2 !+l ordinal such that = doni{gi). 

6 - f{2,i) ■= /<ri((/3',/3f. 

Define the function cr : — 5 - a by cr{{j5o, j5i,..., j5„)) = 6„, where 6„ is the ordinal such that /e„ = gn° 

if{ 2 ,n) t'/pi„)[rfom(g„)])' h is easy to check that for every n, the tuples (70/7i/-• •/?«) and ,^ 2 „+i) 

are elements of and the functions /(i,n)/ 8n, f{ 2 ,n) and are well defined; it is also easy to check 
that c7-((/5o//ii/- • ■ i^n)) is a valid move. 

Let us show that \Jn<Lofe„ is a partial isomorphism. It is clear that rang{f(^ 2 ,n)) ^ ™'^S'(/(i,ji+i))' By 3 and 
4 in the induction, we can conclude that rang{f(^ 2 ,n)) is a subset of dom{g„g_i). Then rang{Un<w{f{ 2 ,n))) ^ 
dom{\J„<w{gn)), so 


^n<wign o {f(2,n) l^/p)jjfdom(g„)])) ~ ^n<wign) o ^n<w{f(2,n))■ 

Since (Ti and ^2 are winning strategies, we know that Un<cd(gn) and ^n<co{f( 2 ,n)) are partial isomor¬ 
phism. Therefore yJn<wfen is a partial isomorphism and cr is a wirming strategy for II on the game 

fci/A^ fa). n 

Assume T is a classifiable theory. We can conclude from the previous results that, // =7 ^ if and only if 
tj Xgp ^ for //-club many a. This lead us to the main result of this section, =7 is continuously reducible 
to for any when T is classifiable. 

Theorem 2.8. Assume T is a classifiable theory and y < k a regular cardinal, then =7 is continuously reducible 
^^-dub (—T^c 
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Proof. Shelah proved lShe90l , that if T is classifiable then every two models of T that are Loo,k- equivalent 
are isomorphic. But Loo,K-equivalent is equivalent to EF^-equivalence. In other words, if T is classifiable 
fhen II t PP^{A,B) A = B. This game is a determined game, so 11 PP'l,{A,B) <=> A^ B. 


Define the reduction F \ ^ as follows. 


F{r]){cc) 


if cf{a) = }i,Arj \a\= T and is an equivalence relation 
0 in other case 


where is a code in k:\{ 0 } for the equivalence class of A^j ffl 

First, we will show that F{rj) EJ^,_ciub ^(^) iurplies r] =t f,- Assume rf and f are such that F{tj) F (^) 

It is known that if ^ is a model of T, then the set {oc < k : A \c(\= T} contains a club. Therefore, if 
fhere are fi-club many a such that F{rj)[oL) = 0, then Arj 'f= T, otherwise we will have a club disjoint to 
a ff-club. So, if there are f(-club many a satisfying F{r]){a) = F(^)(a) = 0, then Arj T ^ud A^ ^ T, 
giving usr] =T^- 

On the other hand, if there are /r-club many a satisfying F{tj){oc) = F{^)(oc) 0, then there are jr-chih 

many a such that Aij ja ^ T and A^ U1= T and thus Afj ^ T and A^ ^ T. Since there are /r-club many 
a such that Atj T, A^ \(t\= T and II f EF^(^^ \ci,A^ ja), then by Corollary 2.5, II t EF^(^^,v4.^) 
and t] ?• 


To show that t] =t f implies F{tj) •E'(f), assume that t] and ^ are such that t] =t f. 

For the case when Arj ^ T, it is clear that A^ ^ T. We will show the existence of a /r-club, such that 
for every element a of it, = /f(a). Notices that Arj ("a aud A^ ja are models of T for club many 

a. Since II t EF^(^^,^^) <=> Arj =t A^, by Corollary 2.5 there are f(-club many a such that II t 
FFJ^(^^ \a, A^ ja), what is the same as rj R^^ Therefore, by Lemma 2.7 there is a ^-club, such that for 
every a in it (a) = (a). 

For the case when Arj T, since we assumed rj =j f, then A^ ^ T. There is cp E T such that Arj ^ 
and A^ ^ -<(p. Therefore, there are club many a such that Arj ~'<f> and A^ -xp, in particular 
exist club many a such that F{rj){a.) = F[f,){oL) = 0. 

To show that F is continuous, let [rj ["a] be a basic open set and ^ e ta]]- Let n be the bi- 

jection in Definition 2.1, since k is regular, sup{n{a)\a G a; x < k. Therefore, there is f > a such 

that for every j < cc holds 

{ai,a 2 ,...,an) E n = gf^{ni) and f \p {n{ni,ai,a 2 ,... ,a„)) > 0 . 

Then, for every ^ E and j < a, A^ j-y and A^ j-y are isomorphic. So for every f e j^], 

/^(t) = /?(t) every 7 < a. We conclude that C^] C F~^[[rj ja]] and F is continuous. □ 


3 Stable Unsuperstable Theories 

A set X c is Z,| if it is the projection of a Borel set C C k’^ x k^, notice that k’^ x is homeomorphic 
to Let Xg{A’^|1<A<k} and we think this as subspaces of We say thaf an equivalence relation 
E on X is Xj-complete, if it is Xj (as a subset of x k ^) and for every Xj-equivalence relation F on a 
space y E {A’^jl < A < k}, there is a Borel reduction F <b E. 
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On the works IFHKI , IIFHK14II and 1HK14I , the relation 1 < A < k, has been studied on the 

closed subspaces with A < k and the relative subspace topology. The relation on the subspace 

is defined as: we say that /,g G A"^ are equivalent (/ g) if the set {a < K\f{a) = ^(a)} 

contains a f(-club. For these relations the following results are known: 

Theorem. ( hFHK14i ) If a first order theory T is classifiable, then for all regular y < k, ^b—t- 

Theorem. ( RFHK14I ) Suppose that k = A^ = 2^ and A"^^ = A. 

• I/k > 2" and T is a first order theory, then T is classifiable if and only if for all regular y < k, ^b—t- 

• If T is unstable then <c—t- 

Theorem. (EMS) Assume V = L. Suppose k > cv. 

• If K = A+, then for every regular cardinal y, the equivalence relation is T,\-complete. 

• Ifxis inaccessible, then for every regular cardinal y, the equivalence relation is T,\-complete. 

Theorem. ( IFHKJl ) Suppose T is a classifiable and shallow theory and k > 2", then for all regular y < k, 
—T <B 

Some of the results are specifically for some fix theory. Let a be a countable ordinal, define T« = 
T/z((a;“,K^)^<tt), where q Rp f holds if q \p= f \p. 

Theorem. ( iHK14\l ) Assume V = L. If k = A'^ and A is regular, then ^B—Ta,+w- 

We are going to continue with this work, reducing EJ^^ to some other equivalence relations and 
generalize some of these results. We will use similar ideas as the ones used on IFITKI . IF1TK14I and 
IIHK14I . 

Theorem 3.1. ( HFHK14jl ) Suppose for all 7 < k, 7 " < k and T is a stable unsuperstable theory. Then 

^w-club ^c = T- 

Given an equivalence relation E on X it is natural to think on a A-product relation of it for any 0 < A < k. 
The A-product relation Tl^E, is the relation defined on X'^ x X'^ as, / Tt;iE g II fj E gj holds for every 
7 < A, where / = {f'Y)-y<A arid g = {g'y)j<A. We will work on the space {2^)^, with the box topology 
on ( 2 ’^)'^, the topology generated by the basic open sets {Fl,^.^xOci \'^ol < A{Ok is an open set in 2 ’^)}. 

Remark. If there exists a cardinal A < k such that k = 2^, the relations EJ^ and FI are 
bireducible. 

Let G be a bijection between k and 2^. Define IF : k’^ ^ by IF{f) = {fj)j<A/ where fjiix) = 

G{f{a)){'y) for every 7 < A and ol < k. is a reduction of Ej^ to Clearly for every pair 

of function / and g in k'^, /(a) = g(a) implies G(/(a)) = G(g(A:)) and / 7 (a) = g'y(‘^) for every 7 < A. 
Therefore, if / and g coincide in a y-club, then for all 7 < A, and gj coincide in the same f(-club. For 
the other direction, assume that fj and gj coincide in a /i-club for every 7 < A. Since the intersection 
of less than k y-c\uh sets is a ff-club set, then there is a p-club C, in which the functions fj and gj 
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coincide for every 7 < A. Therefore G(/(a))( 7 ) = G(g(a))( 7 ) for every 7 < A and every a e C. So 
G(/(a)) = G(g(tx)) for every a e C and since G is a bijection, we can conclude thaf /(a) = g(a) for 
every a e C. 

The ofher reduction is proved in IFHKL 

A nice example of a stable unsuperstable theory is To,. Under the assumptions of Theorem 3.1, <c 

=Ta,- This and the reducibility of to TtAE^_^^j, lead us to our first reduction related to stable unsu¬ 

perstable theories. 

Lemma 3.2. Suppose that for all y < k, < k and k = 2^. Then <c =Ta,- 

Proof. By the previous remark it is enough to prove TIaE^ <c =Ta,- Tet (Alii)a<A be pairwise non 
isomorphic models of Tw with universe k. Let F be a continuous reduction of to =t^. 

For every / = (f'y}j<A €! (2'^)'^ we will define the model A-^, with domain A x (a; -|- 1) x k. The 
interpretation of the relation is the following, ( 71 , aj) ( 72 , ^ 2 / ^ 2 ) if only if 71 = 72 . The 
interpretation of the relations R^'^ (for 0 < z) is the following, ( 7 i,/ 5 i, aj) R^'^ { 72 > <^ 2 ) if and only if 

7 i = 72 / ^1 = 1^2 and aj Rf 1 x 2 where A = if f < cv otherwise A = 

Claim 3.3. / g if and only if A^ and A^ are isomorphic. 

Proof of the claim. Let / = {fj)j<x and g = igj)j<A. If / HaE^ g, then f.y g^ for every 7 < A, 

therefore for every 7 < A the models Api^yy and Ap(^g^'j are isomorphic. Let Hj be an isomorphism 
between Af(^jry and for every 7 < A, define H : A^ —t A^ by, 

I ( 7 , a, p) m other case. 

It is clear that H is an isomorphism between A^ and A^. 

Assume there exists an isomorphism El : A^ —t A^. Fix 7 < A, since for every and ^2 ho co + 1, 
and Oil and Ci 2 in k, ( 7 ,/5i, aj) R^'^ {l,^2i<^2) if and only if 

Hij,fi,ai} Rf H( 7 ,/ 32 ,a 2 ), then H({ 7 } x (a; -h 1) X k) C {a} x (a; -|- 1) x k for some a < A. Follow¬ 
ing the same argument, we can conclude that Ef“^({a} x (oz -|-1) x k) C { 7 } x (a; -|- 1) x k. Therefore 
Aj ({.),}x{n}xK and A^ f{a}x{m}xK are isomorphic for some n,m € co, so Aj and Aa are isomorphic. By 

the way A^ and A^ were constructed, this only happens when 7 = a. Then Ef({ 7 } x (oz -|-1) x k) = 

{ 7 } X (a; -|-1) X K. Since El is an isomorphism, either Ef({ 7 } x co x k) = { 7 } x co x k or there is 
a n < CO such that Ef({ 7 } x {«} x k) = { 7 } x {a;} x k. For the first case, we can conclude that 
Ef({ 7 } X {a;} x k) = { 7 } x {a;} x k, then Ap^yy and Ap(^g^') are isomorphic. For the second case, 

Al-f l'{.y}x{n}xK A^ t{ 7 }x{a)}xK ^^e isomorphic and there is m < co such that Ef({ 7 } x {oz} x k) = 

{ 7 } X {m} X K. So A^ r{ 7 }x{a)}xK and A^ t{ 7 }x{m}xK are isomorphic. By the way Al-f and A^ were 

defined, we know that A^ r{ 7 }x{n}xK and A^ t{ 7 }x{m}xK are isomorphic, therefore A^ |'{ 7 }x{a;}xK and 
r{ 7 }x{a)}xK are isomorphic (i.e. Ap(^j:y and Ap(^g^'j are isomorphic). From the way F was chosen 
we can conclude that fj gj. And so for all j < \, f^ g^ and finally we conclude that 

f ^^^CO-duh S- DciaimS.S 


8 




Let cr be a bijection from A x (w + 1) x k to k, let tt and P„ be as in Definition 2.1. We define the 
reduction —)■ k’^ by. 


-^((/7)7<a)(«) 


1 a a = n{n,ai,a 2 ) and \= Pn{o' ^(fl 2 )) 

0 in other case. 


The continuity of can be proved as in the proof of Theorem 2.8. □ 

The following corollary follows from Theorem 2.8 and Lemma 3.2. 

Corollary 3.4. Suppose for all j < k, < k and K = 2^,\<K.lfTisa classifiable theory. Then = j <c =t^- 


4 Coloured trees 

In fhis section we will define the coloured trees. These trees have high a; + 2 and a colouring function. 
We will show a construction of a coloured free, using an element of to define the colouring function. 
In the end these trees are going to be isomorphic if and only if fheir respective elements of used fo 
construct them are related. This is Lemma 4.7, below, but notice that in section 5 we need more 

information about the trees than just this lemma. 

The coloured trees that we will present in this section, are a variation of the trees used in IHK14II and 
IIFHK14I for the reduction mentioned at the beginning of the previous section. 

For every x e f we denote by ht{x) the height of x, the order type of {y G t\y < x}. Define = {x e 
t\ht{x) = a.} and denote by x I'a; the unique y & t such that y (z ta and y < x. An a,/3-tree is a tree t 
in which every element has less than a immediately successors and every branch t] has order type less 
than /3. 

Definition 4.1. A coloured tree is a pair [t, c), with t is a k+, (o; -F 2)-tree and c is a map c : —t k\{0}. 

Two coloured trees (f, c) and {t',c') are isomorphic, if there is a trees isomorphism f : t ^ t’ such that 
for every x e tco, c(x) = c'(/(x)). 

Denote the set of all coloured frees by CT". Let CTf c CT^ be the set of coloured frees, in which every 
element with finite height, has infinitely many immediate successors, every maximal branch has order 
type CO + 1 and the intersection of fwo distinct branches is finite. Notice that for every t G CTf and 
every pair x,y G toj, x \w=y To; implies x = y. 

We are going fo work only with elements of CTf, every time we mention a coloured tree, we mean an 
element of CT". 

We can see every coloured tree as a downward closed subset of k-^. 

Definition 4.2. Let {t,c) be a coloured tree, suppose (fa)a<K is a collection of subsets oft that satisfies: 

• for each x < k, is a downward closed subset of t. 

• Uff<K = i- 

• if a < f < K, then 4 c Ip. 

• if j is a limit ordinal, then Ij = Ua <7 ia- 

• for each a < k the cardinality of Ik is less than k. 
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We call (Iec)a<K a filtration oft. 

Definition 4.3. Let t be a coloured tree and X = (Ia)a<)c a filtration oft. Define Hx^t G as follows. 

Fix OL <K. Let Ba be the set of all x ^t^ that are not in 4, but x la far all n < co. 

• If Ba is non-empty and there is f> such that for all x e Ba, c{x) = f>, then let Hxfaci) = j 6 

• Otherwise let Hj t(a) = 0 

We will call a filtration good it tor every a., Ba (Z) implies that c is constant on Ba. 

Lemma 4.4. Suppose (to,Co) and (ti,Ci) are isomorphic coloured trees, and I = {la)a<K and J = {}a)a<K are 
goodfiltrations o/(to, cq) and (fi,ci) respectively. Then Hx^tg ^w-dub 

Proof. Let F : (fo, Cq) —)■ (ti,Ci) be a coloured tree isomorphism. Define FI = {F[Ia])a<K- h is easy to see 
that F[Ia] is a downward closed subset ot ti. Clearly F[Ja] c f [t^] when ol < and tor 7 a limit ordinal, 
Oa<jF[Ia] = F[Iy]. It X £ ti then there exists y £ to a. < k such that F(y) = x and y £ la, therefore 
^ e F[la] and Ua<KF[4] = fj. Since F is an isomorphism, |F[Ja]| = |4| < k tor every a < k. So FI is a 
filtration ot ti. 

For every a, B^ 0 implies that B^^ 7 ^ 0. On the other hand, X is a good filtration, then when bJ 7 ^ 0, 
Co is constant on BJ. Since F is colour preserving, cj is constant on B^^, we conclude that FI is a good 
filtration and Hx,toifa = 

Notice that F[la] = Ja implies Hx^gi^) = Therefore it is enough to show that C = {a|F[Ja] = 

}a} is an (u-club. By the detinition ot a filtration, tor every sequence (ai )/<0 in C, cotinal to 7 , Jj = 
Uj<e /a, = Ui<eT[^a,] = ^[^ 7 ]/ so C is closed. To show that C is unbounded, choose a < k. Define 
the succession by induction. For i = 0, uq = a. When n is odd let be the least ordinal 

bigger than a„ such that F[Ia„] C Ja„g_i (such ordinal exists because k is regular, and fa and FI are 
filtrations, specially |F[Jfl;„]| < k). When n is even let ctn+i be the least ordinal bigger than such that 
Ja„ C T[4„+i] (such ordinal exists because k is regular, and fa and FI are filtrations, specially \Ja„ \ < k). 
Clearly U;<a, /«; = l}i<w Hfa] and £ C. □ 

Now we can construct the coloured trees that we need tor the reduction. This construction is in essential 
the same used in IFIK14I . The only difference between them is that in I1HK14I the construction was made 
tor successor cardinals, here we do it tor inaccessible cardinals. These trees are usetul tor the study ot 
the relation 

Order the set coxkxkxkxk lexicographically, (ai,a 2 , as, a 4 , as) > {fa, pi, 1^3, l^i, if for some 
1 < h < 5, > fa and tor every i < k, a,- = fa. Order the set (m x k x k x k x as a tree by 

inclusion. 

Define the tree {lf,dfa as, fa the set ot all strictly increasing tunctions trom some n < lo to k and tor 
each y with domain co, dfarj) = f {sup{rang{y))). 

For every pair ot ordinals a and fa a < f < k and i < co define 

R{oi,fai) = {y : [i,j) —)■ [oi,fa\rj strictly increasing}. 

i<j<w 


OL ^ 

Definition4.5. Assume k is an inaccessible cardinal. If oc < f> < k and a, fay fa 0, let {F.y '^|7 < k) be an 
enumeration of all downward closed subtrees of R{oc, fai) for all i, in such a way that each possible coloured tree 
appears cofinally often in the enumeration. And the tree Pq'^ is {lf,df). 
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This enumeration is possible because k is inaccessible; there are at most 

I Ui<aj 0) I < X K = K downward closed coloured subtrees, and at most k x = k coloured 

trees. 

Denote by Q(P*'^) the unique natural number i such that 

Definition 4.6. Assume k is an inaccessible cardinal. Define for each f E k’^ the coloured tree {}f,Cf) by the 
following construction. 

For every f ^ k'^ define = {}j:,Cj:) as the tree of all rj : s ^ w x k^, where s < a;, ordered by extension, and 
such that the following conditions hold for all i,] < s: 

Denote by rji, 1 <i <5, the functions from s to k that satisfies, r]{n) = rj 2 {n),rj'^(n),r]^{n),rj^{n)). 

1. T] \„^ Jf for all n < s. 

2. rj is strictly increasing with respect to the lexicographical order on cv x k^. 

3. J/i(0 <'/i(' + !)< ^1 (0 + 1- 

4. rji{i) = 0 implies p 2 {i) = '73(0 = '74(0 = 0- 

5. rji(i) < t]i{i + 1) implies p 2 {i + 1) > '73(0 + '74(0- 

6. rii{i) = r]i{i + 1) implies pk{i) = Vk{i + 1) for k e {2,3,4}. 

7. If for some k < co, [i,j) = pf^{k}, then 



Note that 7 implies = '■ 

8. lfs = co, then either 

(a) there exists a natural number m such that t]i{m — 1) < t]i{m),for every k > m t]i{k) = rjfok + 1), 
and the color ofrj is determined by 


Cf{y) = c{t]5 


where c is the colouring function of P’^^^ 


(m),i73(m) 

m) 


or 

(b) there is no such m and then Cf{p) = f{sup(rang{r]^))). 

Lemma 4.7. Assume k is an inaccessible cardinal, then for every f,g & k’^ the following holds 

f ^w-club S Jf — Jg 

Proof. By Lemma 4.4, it is enough to prove the following properties of 
1. There is a good filtration X of /y, such fhat Hj ^!(;-ciub /■ 

2 - Iff then }f^}g. 
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Notice that for any k e rang{r]i) if t ]5 when [/,/) = T]^ ^{k} and if f + 1 < j, then 

Vs \[i,j) strictly increasing. If Vi{^) < Vii^ + 1)' by Definition 4.6 item 5, fi 2 (i + 1) > Vs{^) + Vii^)/ so 
Vsii) < Vs{i) < '/2(1 + 1) < Vsi^ + !)■ Thus r]^ is strictly increasing. If r] \n^ // for every n, then rj e ]f. 
Clearly every maximal branch has order type a; + 1, every chain rj lid rj f 2 C v ''' has a unique 
limit in the tree, and every element in a finite level has an infinite number of successors (at most k), 
therefore ]f e CT". 

For each a < k define /“ as 

}J = {V & }f\rang{t]) c co x (/5)^ for some /5 < a}. 

Suppose ra«g(;;i) = co. As it was mentioned before,//s is increasing and SMp(ra«g(;; 3 )) > sup{rang{t]^)) > 
sup{rang{t] 2 )). By Definition 4.6 sup{rang{t] 2 )) > sup {rang (rj^)) and sup{rang{r] 2 )) > sup{rang{rji)), 
this lead us to 


sup{rang{rji)) < sup{rang{ri 2 ,)) = sup {rang = sup{rang{rj 2 )). (1) 

When rj I'/tG /“ holds for every k ^ co, can be concluded that sup{rang{fj^)) < a, if in addition rj i /“, 
then 

sup{rang{tj 5 }} = a. (2) 


Claim 4.8. Suppose f C /“ and rj e /y. If dom{^) < co, ^ C p and for every k in doni{tj)\doni{^), Vi{^) = 
^i{max{dom{^))) and Vi{^) > 0. Then rj e /“. 

Proof of the claim. Assume C /y are as in the assumption. Let fi = ^i{max{dom{f))), for i e {2,3,4}. 
Since f C /“, then there exists f < a such that f 2 >f 3 >f> 4 : < f- By Definition 4.6 item 6 for every 
k G dom{rj)\dom{£,), Vi{l^) = fi for i G {2,3,4}. Therefore, by Definition 4.6 item 7 and the definition of 
we conclude tj 5 {k) < < f, so rj e }f. nciaim^ 

Claim 4.9. |/y| = k, J = (/y)a<K is a good filtration ofjf and Hjj^ Pl,.ciub f 

Proof of the claim. Clearly /y = Ua<K/y/ Jy is a downward closed subset of /y, and }fc when ci < f>. 
Since k is inaccessible, we conclude |/y | < k and |/y| = k. Finally, when 7 is a limit ordinal 

]J = {v e ]f\^f> <^{rang{tj) dcox {f)"^)} 

= {)/ G /y|3a < 7 , 3/5 < ci{rang{rj) c co x {f)^)} 

= 

Suppose a has cofinality co, and p G //\/y satisfies p (i^G /“ for every fc < m. By the previous claim, p 
satisfies Definition 4.6 item 8 (a) only if =0 for every n G co. So P 3 arid p 4 are constant zero, 

and Cf{p) = df{p^), where dy is the colouring function of Pg^ = Cf{p) = f{sup{rang{rj^))). When p 
satisfies Definition 4.6 item 8 (b), Cf{p) = f{sup{rang{rj^))). 

In both cases, Cf{tj) = f{cc). Therefore, if 7 ^ 0 then cy is constant on and ^7 is a good filtration. 

By Definition 4.3 and since J is a good filtration, H jj^{ix) = f{ix). nciaim 4 9 

Claim 4.10. Iff g, then /y ^ Jg. 
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Proof of the claim. Let C' C {a. < K|/(a) = g(a)} a w-club testifying / g, and let C D C' be the 

closure of C' under limits. By induction we are going to construct an isomorphism between /y and Jg. 
We define continuous increasing sequences of ordinals and {Faf)i<K of partial isomorphism from 

/y fo fg such that: 

a) If i is a successor, then a, is a successor ordinal and there exists f> ^ C such that a,_i <f< oci and 
thus if i is a limit, a, G C. 

b) Suppose that / = 7 + n, where 7 is a limit ordinal or 0, and n < co is even. Then dom{Faf 

c) Suppose that i = 7 + n, where 7 is a limit ordinal or 0, and n < co is odd. Then rangiFaf) 

d) If dom{f ) < (U, f G domfFccfj, rj \dom(g)= ? ^od for every k > dom{f) 

= ^i{max{dom{^))) and f]i{k) > 0 
fhen f] G dom{Faf. Similar for rang{Faf. 

e) If ^ G dom{Fa,.) and k < dom{f ), then f ["j-G dom{Fnf. 

f) For all rj G dom{Faf, dom{r]) = dom{Fafrj)). 

For every ordinal a denote by M{ol) the ordinal that is order isomorphic to the lexicographic order of 
CO X 

First step (i=0). 

Let ao = j 6 + 1 for some j 6 G C. Let 7 be an ordinal such that there is a coloured tree isomorphism 
h : —)• and = 0. It is easy to see that such 7 exists, by the way our enumeration 

was chosen. 

Since and are closed under initial segments, then \dom{h~^[r]))\ = \dom[r])\. Also both do¬ 

mains are intervals containing zero, therefore dom[h~^{ri)) = dom[r]). 

Define Fag (rj) ior fj G /y° as follows, let Fag {rj) be the function f with dom{f) = dom{rj), and for all 


K < dom{f) 


II 

• 

1 

• m) = 

0 

• 

II 

M(/5) 

• m) = 

7 

• ?5(E) = 

h-^{tj){k) 


To check fhat f G }g, we will check every item of Definition 4.6. Since rang{Fag) = {1} x {0} x {M(/5)} x 

{ 7 } X Py^^^\ ^ satisfies 1. Also ^5 = h~^{rj) G by definition of P*'^, we now that ^5 is strictly 

increasing with respect to the lexicographic order, then ^ satisfies ifem 2. Notice that f is constant in 
every component except for ^ 5 , therefore ^ satisfies fhe items 3, 5, 6 , 8 (a). Clearly ^i(i) f 0,so ^ satisfies 

item 4. Notice that [0,o;) = but for every k, therefore ^5 G arid f 

satisfies 7. 


_ r‘‘i 

_ T^i 

~ Jg • 
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Let us show that the conditions a)-f) are satisfied, the conditions a) and c) are clearly satisfied. By 
the way Fag was defined, dom{Fc(g) = and dom{i]) = dom{Fa^^{r])), these are the conditions b), e) 

and f). Since doni{Fag) = the Claim 4.8 implies d) for dom{Fcig). For d) with rang{Fixg), suppose 
f G rang{Fcig) and d ^ Jg ^re as in the assumption. Then r]i{k) = = 1 for every k < dom{t]), by 6 in 

}g we have that tj 2 {k) = ^ 2 {k) = 0 , tj 2 ,{k) = tsik) = M{j5) and ri 4 {k) = ^iik) = y for every k < dom{tj). 

By 7 in }g, G and since rang{Fag) = {1} x {0} x {M(j 6 )} x { 7 } x we can conclude 

that Tj G rang{Fag). 

Odd successor step. 

Suppose that j < k is a successor ordinal such that; = (ij + rij for some limit ordinal (or 0) j 6 y and an 
odd integer rij. Assume oli and are defined for every I < j satisfying the conditions a)-f). 

Let cij = j 6 + 1 where /5 G C is such that /3 > and rang[Fa._^) c }g, such a /3 exists because 
\rang{Fn._^)\ < and k is strongly inaccessible. 

When TJ G rang{FiXj_^) has finite domain m, define 

= U\doTn{Q = [ni,s),m <s< a},r}"' {m,l,{m)) i rang{Fn._^) and rj'^X e Jg^} 

with the color function = Cg{tj'~'Q for every f G 1V(?/) with s = a;. Denote = F~^^{fi), 

oc = — 1) + — 1) and 6 = oc + M(xjj. Now choose an ordinal such that Q{Py^) = m 

and there is an isomorphism h,j : Pj^ ^iv)- define F^- by defining its inverse such that 

™ng{Fc.) = fg’. 

Each TJ G }g’ satisfies one of the followings: 

(’^) TJ G rang(F*._j). 

(**) 3m < dom{r]){rj Ue rang{Focj_^) Atj rang{F^._^)). 

{***) Vm < dom{t]){Ti [-(^j+pG rang{F^._^) At] i rang(F«._j)). 

We define f = F~^{r]) as follows. There are the three cases: 

Case TJ satisfies (*). 

Define ^{n) = F-^_^{rj)(n) for all n < dom{T]). 

Case T] satisfies (**). 

Let m witnesses (**) for tj. For every n < dom{^) 

• Un <m,then^{n) = F-^^{t] 

• For every n > m. Let 

- fi(n) = ^i(m - 1 ) + 1 

- ? 2 («) = - 1 ) + - 1 ) 

- ? 3 («) = ^2{m)+M{ocj) 

- ?4(«) = 
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Note that, t] \[ni,dom{ri)) element of W{t] I'm), this makes possible the definition of ^ 5 . 

Let us check the items of Definition 4.6 to see that ^ ^ }f. Clearly item 1 is satisfied. By induction 

hypofhesis, ^ \m is increasing, fi(m) = fi(m — 1 ) + 1 so ^{m — 1 ) < ^(m), and is constant on [m,Lo) 

for k e { 1 , 2 ,3,4},since e Py^, fhen ^5 is increasing, and we conclude fhat ^ is increasing respecf 

to the lexicographic order, so ^ satisfies item 2. Also we conclude fi(f) < fi(/ + 1) < ?i(0 + 1/ so f 
satisfies item 3. For every i < cv, fi(z) = 0 implies i < ni, so f(;) = U)(0 by the induction 

hypothesis f satisfies item 4. By the induction hypothesis, for every i + 1 < m, fi(/) < fi(f + 1) implies 
^ 2(1 + 1) > ^ 3(0 + ^4(0/ orr the other hand fi(i) = fi(i + 1) implies f;t(0 = ^k{i + 1) for k e {2,3,4}, 
clearly ^ 2 (^ 2 ) > ~ 1) + — 1) and ^^{i) = + 1) for i > m and k e {2,3,4}, then ^ satisfies 

items 5 and 6 . 

Suppose [/,/) = ^i^{k) for some k in rang{^). Either j < m or m = i. If j < m, by fhe induction 

hypothesis ^5 if [i'f) = [m,dom{^)), then ^5 h-ljt] \[m 4 om{i))) e 

^ thus satisfies item 7. Since ^ is constant on [m,co), f satisfies 8 (a). Finally by item 8 (a) when 
dom{Q = cv, Cf{^) = c {^5 where c is the color of Since ^5 rKa,)= 

Cf{Q = c{h-lJt] \[^^^))) and since h is an isomorphism, c/(f) = Cy^(nU){V = Cg{y])- 


Case r] satisfies (***). 

Clearly dom{tj) = co, by fhe inducfion hypothesis and condition d), rang{Tj) = co, otherwise tj e 
rang{Fa._^). Let = ? = U„<a;F«:^i [f] \n), by the induction hypothesis, f is well defined. Since for 

every n < lo, ^ \n^ Jf, fhen f G }f. Lef us check fhat C|(f) = Cg{r]). First note that f ^ \ otherwise 

by the induction h 5 rpothesis f). 


F,,_^(0= U [jv\n=V 

n<co n<co 

giving us r] E rang{Faj_^). By the equation (2), sup{rang{^^)) = aj_i and ^ satisfies ifem 8 b) in J^, 
fherefore C|(f) = Also by fhe definition of }j and since f \nE for every n < co, aj_i is a 

limit ordinal and by condition a), } — 1 is a limit ordinal and cij_i E C. The conditions b) and c) ensure 
rang{Fa-_^) = ^ This implies, t] i By the equation (2), sup{rang{r]^)) = Therefore 0Lj_i 

has cofinalify to, a.j-i E C and f(cij-i) = g{oLj^\). By item 8 b) in }g, Cg{rj) = y(ay_i) = f{oLj-\) = Cf{^). 

Next we show that Fa, is a color preserving partial isomorphism. We already showed that F*, preserve 
the colors, so we only need to show that 

V^^^F-\rj)CF-\^). (3) 

From left to right. 

When f],^ E rang{F,i._^), the induction h 5 rpothesis implies (3) from leff fo right. If rj E rflMy(Fa,. j) and 
f ^ rang{Fcn_^), the construction implies (3) from left to right. Let us assume i rang{Fai_^), then t],^ 
satisfy (**). Lef nii and m 2 be the respective natural numbers that witness (**) for p and f, respectively. 
Notice that m2 < dom{p), otherwise, p E rang{Faj_-j^^). If m^ < m2, clearly p E rang{Faf_-^) what is not 
the case. A similar argument shows that m 2 < mi cannot hold. We conclude that mi = m 2 and by the 
construction of F*,., F-^{p) C F-^(^). 
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From right to left. 

When ^ G rang{Fni_^), the induction h 5 rpothesis implies (3) from right to left. If G rang{Fx._^) and 
f ^ rang{Faj_^), the construction implies (3) from righf leff. Let us assume i rang{Faj_^), then 
satisfy {**). Let nii and m2 be the respective natural numbers that witness {**) for rj and respectively. 
Notice that m2 < dom{fi), otherwise, F~^{r]) = F~^^{ri) and t] G rang(fa,_j)- If mi < m2, fhen 

< U)iK-i) + i 

= F-^ri)i{m2) 

= F-Ht])i{m2-1). 

This cannof hold. A similar argumenf shows fhat m 2 < mi cannot hold. We conclude that mi = m 2 . 

By the induction hypothesis (;/ UJ = U 2 ) implies ?/ Ui= ? U 2 (also implies ^ 

Since Li)(u) = F-^Ti){n) for all n < mi, we only need fo prove fhat? l'[m 2 ,dom(?))- 

But is an isomorphism and F-^{t]) 5 {n) = F-^{^) 5 {n) for every n > mi, so f[mi,dom(^)) 

l'[m2,dom(^))) (^) • Therefore)^ l'[mi,dom(i/))S ? \ [m 2 ,dom{^))- 

Lef us check fhat this three constructions satisfy the conditions a)-f). 

When i is a successor we have a/_i < /I < a, = j6 +1 for some fi (z C, this is the condition a). Clearly 
the three cases satisfy b). We defined F~^ according fo {*), (**), or (***); since every rj G }g' satisfies one 

(X ■ 

of fhese, we conclude rang (Fa.) = }g which is the condition c). 

Let us show that the Fee- satisfy condifion d). Let ^ and j6 be as in the assumptions of condifion d) 
for domain. Nofice fhat if f G dom[Fo,^_.^) then the induction hypothesis and Claim 4.8, ensure that 
tj G dom{Fcn). Suppose ^ i dom{Fcn_^), then Fa;(^) ^ rang{Fci._^). Since dom{^) < co, so Fa;(^) satisfies 
Lef m be the number witnessing it. Clearly f G /*‘, by Claim 4.8 t] G /*'. By item 6 in /“', is 

constant on [m,dom{t])) for k G {2,3,4}, now by Definition 4.6 numeral 7 in 

Let C = h\miV[m,dom{ri)))^ then i] = F-i(F«;(f and rj G dom{F,,^). 

The condition d) for range follows from Claim 4.8. 

For the conditions e) and f), notice that f was constructed such that dom{^) = dom{ri) and f f/tG dom{Fcc.) 
which are these conditions. 

Even successor step. 

Suppose that j < k is a successor ordinal such that j = (ij + Uj for some limit ordinal (or 0) j6y and an 
even integer ny. Assume cci and F^i are defined for every I < j satisfying condifions a)-f). 

Lef OLj = j6 + 1 where fi G C such that j6 > ay_i and dom(Faj_^) C /^, such a j6 exists because 
\dom{Fxj_ 2 )\ < and k is strongly inaccessible. The construction of F^j such thaf dom{Fcc.) = }^' 

follows as in fhe odd successor step, with the equivalent definitions for dom{Fx.) and /^‘. Notice that for 
every rj (z Jj,’ , fhere are only the following cases: 

{*) t] G dom{Fc,._^). 

{**) 3m < dom{r]){f] CmG dom{F,^._^) At] dom(Fa._j)). 
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Limit step. 

OC' 

Assume ; is a limit ordinal. Let aj = U/<ya,- and = U;<yFa;, clearly F^. : Jj:’ —}g and satisfies 
condition c). Since for i successor, a, is the successor of an ordinal in C, then ay 6 C and satisfies the 
condition a). Also F^. is a partial isomorphism. Remember that = jJ’, the same for Jg. By the 

induction hypothesis and the conditions b) and c) for i < j, we have dom{Faj) = }j:’ (this is the condi¬ 
tion b)) and rang{Faj) = }g ■ This and Claim 4.8 ensure that condition d) is satisfied. By the induction 
hypothesis, for every i < j, F^. satisfies conditions e) and f), then F^. satisfies conditions e) and f). 

Define F = U/<KFa;, clearly, it is an isomorphism between /y and fg. □ 

From now on k will be an inaccessible cardinal. Let us take a look to the sets rang{f) and rang{c^), 
more specific to the set {a < K|/(a) e rang{cf)}. 

Remark. Assume f ^ and let ff he the respective coloured tree obtained by Definition 4.6. If 
Tj & }f satisfies Definition 4.6 item 8 b), then clearly exists a. < k such that Cy(;/) = /(a). It is 
possible that not for every a. < k, there is t] ^ such that Cj:{r]) = /(a). Nevertheless the set 
C = {a < k\3^ G such that = ida, + 1 and Cy(f) = /(a)} is an a;-club. C is unbounded: For 
every j5 < k we can construct the function t] e Jf by ^0 = = idu, +1, Viii) = Vsii) = + h 

= 7 i and = t] 2 , where 7 , is the least ordinal such that : [i,i -hi)—;- [/li,/I, -|- 1 )} 

and / 5/+1 = fii + l + 7 ,-; since k is inaccessible, rj G G C. C is closed: Let {cci}i^a> 

be a succession of elements of C, for every i < co let be an element of /y such that = id^^ -|-1 and 
= oii, define uq = 0 and for every i < co, as the least natural number bigger than «,• such 
that cci < The function ^ define by ^ \[ni,ni+i) is an element of such 

that = idc^ + 1 and rang{^^) = U,<^a,-, therefore /(U/<„a/) = Cy(^) and U,<^a/ G C. 

5 The Orthogonal Chain Property 

In this section we will construct a model of T from an element of k’^. Before this, let us fix some notation 
and make some general assumptions. From now on T is going to be a stable theory. Denote by A(r) the 
least cardinal such that T is A-stable, ^.r{T) the least regular cardinal A bigger or equal than A(r). And 
K will be bigger than Ar{T). 

For every / C k-^ closed under initial segments, order I = 'Pw{}) by < as, for every u,v & I we 
say M < r; if for every t] E u exists ^ E v such that rj is an initial segment of f. Let us denote by r{T],^) 
the longest element in J that is an initial segment of both, and uD* v the largest set that satisfies: 

• un*vC E u,^ E v} 

• if T G M n* iJ, G M, ^ G and t is an initial segment of r{r], f) then x = r{r], f) 

Definition 5.1. Assume } C k-^ is closed under initial segments and I = VcoiJ). We say that an indexed 

family E = {Au\u E 1} is strongly independent if: 

• For every u,v E I, u < v implies Au Q Ay. 
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• ifu,Ui G 1 for i < n and B C has power less than Ar(T), then there is an automorphism of the 

monster model f = fu;uo . such that f t(BnA„)= idgnAu /(^ n Auf C Aun*ur 

We will construct models using an isolation notion. In IHS98I Shelah gives an axiomatic approach for 
isolation notion and defines F-constructible, F-primary and F-atomic where F is an isolation notion. 

Definition 5.2. Denote by F® the set of pairs {p, A) with | A| < \r{T), such that for some B D A, p £ S{B), 
and p C/^l- p. 

F® is the isolation notion we are going to use. Instead of write F^ ^^j-constructible, F® ^.j,j-primary 
and F| -atomic we will write s-constructible, s-primary and s-atomic. 

Now we can state in detail the lemma that leads us to the construction of from the coloured tree Jf. 
The proof of this lemma can be found in IHS98I (Theorem 4 and Claim (I)). 

Lemma 5.3. Assume that E = {A„|m £ I}, I = 'Pw{J) is strongly independent. Then there are subsets of the 
monster model, Au for u £ I, such that 

(a) for all u,v £ I, u <v implies Au C Av 

(b) for all u £ I, Au is s-primary over Au; in fact it is s-primary over Uv<uAv (see the proof of Theorem 4 in 

EsM) 

(c) UueiAu is a model 

(d) if V < u, then Au is s-atomic over and s-primary over Av U A„; in fact for all a £ Au there is 

B G Au of power less than Ar(T), such that t{a, B) h t{a, U^ygj^Ajy) (see the proof of Theorem 4 in iHS98i ) 

(e) if J' Q J is closed under initial segments and u £ VcviJ'), then is s-constructible over 

A( U 

(f) the family {Au\u £ 1} is strongly independent (see Claim (I) in the proof of Theorem 4 in hHS98V 

In IHS98I the models for Lemma 5.3 above, are constructed as follow: Let { Ui\i < f} be an enumeration 
of I such that m, < Uj and Uj m, implies i < j. Choose a, 7,- < a for i < f>, a^ and By for 7 < a, and 
s : a ^ I so that 

1. 7o = 0 and (7,),<^ is increasing and continuous, 

2. if 7,- < 7 < 7;+i, then 5(7 ) = m,, 

3. for all 7 <a,\By\< A and if we write for 7 < ol, AZ = AuU{as\5 < %s(8) < m}, then B.y C Aj^^y 

4. for all 7 < a, if we write A't = UueiAZ, then t(ay,By) s-isolates t{ay,A'^), 

5. for all i < f, there are no a ^ A((‘+^ and B C A(('+^ of power less than A such that t{a,B) s-isolates 
t{a,A'^i+i), 

6. if ag £ By, then Bg C By. 
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For all u & I, Au = 

By 3 and 4, Au is s-constructible over Uv<uAv 

At this point it is clear that our intention is to use Lemma 5.3 with I = VajiJf)- We only need to 
find the appropriate sets Au for us. We will use the orthogonal chain property to construct a strongly 
independent family E = {Au\u 6 7} with some properties useful for us. The orthogonal chain property 
implies that T is unsuperstable, as we will see later. 

Definition 5.4. T has the orthogonal chain property (OCP), if there exist \r{T)-saturated models ofT of power 
y^i<u)Ai, such that t{a, is not algebraic for every j < co, t{a, _L Aj, and 

for every i < j, At C Aj. 

The OCP is similar to the DIDIP defined by Shelah in IShe90l . 

If T has the OCP then T is unsuperstable, the chain Ai C Aj and a satisfy a 4(4. Ai+i- 
To show this, assume T is superstable and has the OCP. Let be the chain given by the OCP 

and construct the following chain by induction. Let Bq and be the least elements of such 

that Bq c Bi and a 44o ^i- For every 0 < f < a; let B,_|_i be the least element of {Ai}i.^aj that satisfies 
Bi c B;+i and a J/g, Bj+j. Since T is superstable, this chain is finite, let B„ be the biggest element of this 
chain. By the inductive construction of {B,},<„ we know fhat a fB„ Aj for every Bn C Aj. Therefore, 
for every finite subset A c Uj^u^Aj, a A and by the finite character a By assumption 

T has the OCP, then t{a, T Aj for every j, in parficular t{a, -L B„. So a 4'Ui<„.A; ® ^rid 

t{a,Ui^ujAi) is algebraic, a contradiction. 

From now on we will assume that T has the OCP. 

The following is the construction of the family E = {Au\u G 1} from Jf using the OCP. By Defini¬ 
tion 4.6 Jf Q {co X we will denote by X the set lo x k^. 

Let a and {A^Ji^w be the ones witnessing the OCP for T. Since for every saturated model, B ^ A 
and C, there is D such that t{C,A) = t(D,A) and D B. Then we can find for each t] £ {If)w 

((//) dj {x G ^utoiriorphisrris of the moristor mociol, 3rici rnoclGls / 

that satisfies 

• «>/(4) = Xrr 

• ^vU = 1 '^/- 

• Define for each u C Jf as Au = Ut^^uA^. 

• Define U{^, oc) for every ^ £ JfCl and a £ X,as the set of the f, £ Jf that extend {dom{^), a), 
and P(f,a) = Jf\U{^,a). Then 

• A^j is the s-primary model over Uj<a;-A^|'; U [Ji<Cf{ri){^i} where i® independent se¬ 
quence of elements satisfying the type A(;;)), 
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This construction was made in | Hyt97| and IIHS98I . In IHS98I is proven that the family { | m g Vu (//)}/ 
is strongly independent. 

Remark. Notice that for every t] G {]f)w, is s-primary over U since T 

is countable, then 


l4l<A(r) + (| U {«,}| + A.(T)r. 

i<w i<Cf{rj) 

If / satisfies, \f{oi)‘^\ = |/(a)|, Ar(T) < f{oi), and /(a) = Cf{r]), for some cc < k and rj G /y. Then 

\a{\ = 

For every rj G {}f)a} denote by the type t{H,j{a),A{r])) clearly p^ _L .4^^- for every i < cv. De- 
nofe by Xy the set VojiJf), the family {a(i\u g Xy} is strongly independent, by Lemma 5.3 we obtain the 
models {Aljualf and Af = UuelfAL 

We will write Arj and instead of .4^ and A^, when it is clear and there is no possibility of ambiguify. 
Under some assumptions on / and g, elements of k^, the models A^ and A^ are isomorphic if and only 
if / and g are related. The proof of this is made by a dimension argument. Therefore, before we 

start with the proof we need to do some calculation, like calculate |v4| “| and others. 

Fact 5.5. Let IJ = Vw{}'f), where Jj = {rj E ]f\rang{rj) c (o x for some < a} (as in the proof of 
Lemma 4.7), define A'j = Uu^ijAu- If for every f < k, Ar(T) < /(/3), |/(/3)‘^| = \f{fi)\ and f> < f{f), then 
there exists a club such that every a in that club satisfies |.4““''^| < SMp({/(/l)}y<a,). 

Proof. Let C be the club {a < k|V 7 < a{'y^ < a and sup{{cf{t])}^^jj) < a)}. Assume u is such that 

there is at least one ^ E u such that f{f) = Cy(^) for some f, fhen by fhe previous remark \Au\ = 

I U^gi, A,j\ = max{{cf{r])^}^^u)- Since Au is s-primary over Au we get 

\Au\ < A(T) -h {\Au\ -h Ar(r))‘^ = max{{cf{ri)‘^},jeu)- Therefore for every a. < k 

|A;+l|<|/;+Vsup({(cy(pm^,^.+i), 
if a G C fhen |/*+i| = < /(a)" = /(a), so 

</(«)■ sup({(cy(prr}^^^.+i)- 

Also for every t] E JJ, Cj:{y) < f{f) for some /5 < a, therefore 

< S«p({/(/5)}y<„,{(cy(p)-)-}^^.+l^ ). 


Af 


If Mf 


But 


every p G with dom{rj) = co has rang{r]i) = co and /(a) = cy(p), otherwise rang{rj^) < a 


and p G /“. We conclude |.4“+^| < SMp({/(/5)}y<a). 
Fact 5.6. Ifzv < u, then Au Au- 


□ 
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Proof. If w < u, by Lemma 5.3, Au is s-constructable over Aw U Au, and Aw is saturated, then Au 
Au- n 


Remark. Notice that Fact 5.6 implies that Au Au for every rj & u. 


Fact 5.7. Assume f e k’^. lfu,vE Tf, then Au iAun*v 


Proof. By the previous fact it is enough to prove Au 4'yt„p,„ Ai,. 

We will define U{^,a) and V{^,a) for every ^ e m n* u and a E X such that ^'^(dom(^),a) is extended 
by an element of u and non of the elements of v extend it. Denote by U{f, a) the set of those rj E ]/ that 
extends {dom{f), k) and V{^,a) = }f\U{^,a). 

By the construction of the sets Au, for every f E uH* v and every a E X such that U{^,ix) and V{^,a) 
are defined, we have 

^U(?,a) ihf ^V(^,a.)- (4) 


Let U = U{U{^,a)\{^"^(dom{^),a)} < M,f E ur\*v,a E X} and V he Jf\U. Then by transitivity and 

(4), 


An i-A n* A 


By the way U and V were defined, u C U and v C V. Therefore 


Au 4'A„n,„ Au. 

By the in fact part of Lemma 5.3 (d), Aur\*v Therefore Aun*v AuAj, and we 

conclude Au Ta A^. □ 

Lemma 5.8. Assume f E k’^ is such that for every a, f{oc) > \r{T), f{oc)^ = f{o<.), and rang{f) c Card. If 
^ £ {lf)to is such that Cy{r]) = f{ot), then dim{p(j, A^) = Cf{r]). 

Proof. Suppose not. Then there exists an independent sequence 1 C A'f over A(//) such that |f| > 

and a\= plj for every a e L By a previous remark we know that Cf{r]) = |A^|, so there exists b E I\Ari 
such that b Arj. Thus t{b,Arj) -L Ajj^. for all i < co. 

There exists u E If such that rj E u and b E Au. By Fact 5.7 we know that there exists i < co such that 

Arj. 

Since t{b,Arj) -L Ajj\., b fA,, ^w\{;;}- So b 4-a, Au and by a previous remark we know that Au I>a, Au, 
thus b 4-A, Au- But b E Au, so t{b, A,j) is algebraic. By the choice of b, t{b, Atj) is a non-forking extension 

of p(j. This implies that is algebraic. By the OCP, is not algebraic; a contradiction. □ 

The Theorem 5.9 gives a reduction only for certain elements of k’^, as we will see in Corollary 5.10, this 
can be easy generalize to all the elements of k’^. 

Theorem 5.9. Assume f,g are functions from k to Card\Xr{I), that satisfy for every f> < k, f{f)^ = f{f>), 
gifi)^ = g{f) and for every cardinal a, /(a) > a++, g{a) > a++. Then the models A^ and A^ are isomorphic 
if and only iff and g are related. 

Proof. From right to left. 

By Lemma 4.7 if / g then }f — }g. Let G : // —> /g be an isomorphism. 

We will construct, using induction, a family of function {Fujuelf such that Fu ■ Au ^ Aq^u] is 
isomorphism and Uu<uFv Q Fu- Notice that this is equivalent to: a family of function {Fujuelf such that 
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Fu '■ Au —>■ "^g[m] isomorphism and for every W C ly, ^ ^v<^yiAv A^ is an elementary 

map. 

Let {«/ : i < a*} be the enumeration of ly used in the construction of the models Au (see Lemma 5.3). 
Our induction hypothesis for /3 < a* is the following: 

The functions {Fui}i<^ satisfy 

• For all i < /3, Fu^ : Aui —t ™ isomorphism. 

• is an elementary map. 

By Lemma 5.3, Au^ and -^g[m^] s-primary over Dv<upAv and Uv^u^AQ^y^ respectively. By the induc¬ 
tion h 5 ^othesis Uv<u^Fj; is elementary and onto Uv<upAQ\^jjy Since the s-primary models over Uv<u^Av 
are isomorphic and the s-primary models over Uvku^Aq^jj-^ are isomorphic, there is an isomorphism 
from Au^ to •^G[Mp] that extends Uv<u^Fz,. Let us define Fu^ as this isomorphism. 

We will prove that is elementary by proving that for every n < co and every sequence xq, xi,.. .Xn G 

{ui\i < fi}, the map U/<„Fxi : A^ is elementary. 

Clearly we can assume that n > 0, Xn = wy, wy is not comparable with x„-i, and m, ^ Uj for every i ^ j. 
Define u' = U;<„(x„ n* x,), notice that u' < u^. 

Case u' < My 

Let X = Ui<„Xi, by Fact 5.7 Au^ -f^X/ therefore 

Aup -l-Aj^/ ^i<nAxi- (5) 

Since G is an isomorphism, G[m] n* G[i7] = G[m n* i^] for every u,v E If. By Fact 5.7 Aq[u^] “^g[x]' 

therefore 

'l'dc[„/] ^i<nAc[xi]- (6) 

By the induction hypothesis Uj^fFuj is elementary and thus there exists an automorphism of the monster 
model F that extends U/<yFui. By (6) 

f”n-^G[M^]] Ui<nAr (7) 

Since F and Fu^ both extend F^^l we conclude t{Aup,Au’) = Au') and it is a stationary 

type. So by (5) and (7), the types t{Aufi, ^i<nAxi) and t(F“^ [^G[Mp]]' are equal, therefore 

i{Au^ ^i<n Axi,(Z)) = I^Aq^u^] FxJ.AxJ,0). 

Therefore Uk^Fx, is elementary. 


Case u' = My 

Let (flo/«!/ • • • /flfi) be any tuple such that for all i < n, a, e Ax^- Define A' = Uv<u^Av and 

F'= U 

v<u^ or v€{xi\i<n} 

By the induction hypothesis F' is elementary and by Lemma 5.3 Au^ is s-constructible over A', therefore 
Au^ is s-atomic over A'. Then there is A' C A' of size less than K{I) such that t{a„,A') F t{a„,A'). 
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By Lemma 5.3 {Au\u E Xy} is a strongly independent family. Let B = A' L) < n}, there is an 
automorphism of the monster model H, that satisfies H id (notice that A' = Bn Au^) and H{ai) E 
Ax„n*Xi for every i < n, therefore H{ai) E A'. Since 

t(an,A') h t{a„,A') 

and 

t{Fu^{an),Fu^{A'))nt{Fu^{an),F\A')) 

so 

i{Fup{^n)iFup{A )) h t(Fii^(fln)/ 

We conclude that U,<„F;c, is elementary. 

We conclude that A^ = A^. 

From left to right. 

Let us assume that / and g are not related but there is an isomorphism LI: A^ -E A^. 

By a previous remark we know that {« < k|3// € = S^(^))} contains an tu-club and by Fact 

5.5 there is a club such that for every a in it, < SMp({^(/5)}^<a) (this also holds for /). Therefore, 

there is an cu-club such that every element of it, a, satisfies 

• \ AJ ^^\ < smp({/(;6)}^<„). 

• \A1+^\ < sup{{g{fi)}fi<x)- 

• There exists p E }g~^^ and ^ e that satisfy sup{rang{rj^)) = sup{rang{^^)) = a, Cg{rj) = g{cc), 
and Cfi^) =f{ci). 

Since {a < k|V/ 5 < a(/(j6),g(/5) < a)} and {a < K|TI(.Ap = A‘^\} are clubs, and / and g are not E^_^ixLh 
related (the set {a < x|/(a) 7^ intersect every cu-club), we can assume the existence of an ordinal 

a with countable cofinality such that: 

• For every /5 < a, /(/3) < a and g(/5) < a. 

• 8i‘>^) 7^/(a). 

• There exists rj E such that Cg{r]) = g(a). 

• There exists ^ E 7““*"^ such that Cf{^) = /(a). 

• |.A*+i| < smp({/(;6)}^<^). 

• \Al+^\ < sup{{g{^)}fi<x). 

. n{Ai) = Aj. 
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By symmetry we may assume that g{ix.) > /(a). 

By Lemma 5.8, t] and a. satisfy dim{p^,A^) = Cg{t]) = g{oi), so the type n(p^) = {(p{x,n{c))\(p{x,c) e 
p|}has dim{n{p^),Af) = g{oc). 

Since t] G }g~^^ and Yl{Ag) = AJ, n(A(p)) C AJ. On the other hand, by the way we chose a, we 
conclude that \ AJ^^ \ < g{x) = dini{Tl{p^), A^). So there exists an independence sequence A Q Af over 
n(A(p)), such that a ^ n(p|), with an element b G that satisfy b 4.n(A(^)) 

For every w G ly denofe by u the closure of u under inifial segmenfs. 

Let {M!};<g(a)+ be a sequence of elements of ly with the following properties: 

• b (z Auq- 

• Every it, is a tree isomorphic to uq. 

• If i ^ j, then «,■ n Uj = UqD 

• Every f G dom{cf) n uq satisfies cy(^) = cy(G,(f)), where Gj is the isomorphism between wq and 

Ui- 


,G /;+! and f r„+iG Mo\/; 

ra+l 


it holds that, by Definition 4.6 f \n has k 
Also by Definition 4.6 the elements of Jf are all the functions 


Eor every f G wq such that ^ 
many immediate successors in /y\/y 
rj : s ^ Lo XK^ that satisfy fhe ifems 1 to 8, therefore each of fhis immediate successors of f \n, f, satisfies 
fhat in the set{pG/y|^<//} there is a subtree isomorphic (as coloured tree) to 
This and the fact that uq is finite, gives the existence of the sequence {M,},<g(a;)+. 

By the way we chose the sequence {ui}i^g(^n)+, for every i < ^(a)+, fhe isomorphism G, induces an 


isomorphism H,- : U Mq —)■ U M,- such fhat Hj |■Ja+l= id. The other direction of fhis theorem 

..-NT 


implies that the models A(0) = U{Av\v G U mq)} and A{i) = G{Av\v G U w,)} 

isomorphic and there is an isomorphism hi : A(0) —)• A{i) such that hj (_4«+i= id. Let b^ = b and bi = 

hi{b), for every i < g{x)^, fhen t{bi, AJ^^) = t{b, AJ^^). By the way ( ^i)i<g{a)+ ^as constructed. Lemma 
5.3 and the finite character of forking, fhe models are independent over and thus 

for every i < g(a)+, bi Since b ;n(A(^)) ■^y^^ then for every i < g{x)+, bi 4.n(A(^)) ■^y^^ 

so bi 4.n(A(^)) Therefore {f’i}/<g(«;)+ is an independence sequence over n(A(p)). We conclude 

fhat dim(YI{p^),Af) > a contradiction with dim(YI{pl), A^) = dim{pl, A^) = g(a). □ 


Corollary 5.10. Assume T is stable and has the OCP, then <c—t- 


Proof. Let / and g be elements of k’^. Eirst we will construe! a function F : k’^ ^ k’^ such that / g 

if and only if and A^^^^ are isomorphic. 


Eor every cradinal a < k, define Sa = {f < K|A;.(T),a+'^+ < f and = a}. Let Qp be a bijection 
from K into Sy, for every f < k. For every / G define F(/) by F{f){f) = Qp{f{f>)), for every f < k. 
Clearly / g if and only if f (/) F{g) i.e. A^^^^ and are isomorphic and F is confinu- 

ous. 
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Finally we need to find Q : G —t k*^ such that and / i—)• Q{A^^f'^) is 

continuous. This can be done as in Lemma 3.2. □ 

Corollary 5.11. Assume Ti is a classifiable theory and T 2 is a stable theory with the OCP, then = j^<c=t^. 

Proof. Follows from Theorem 2.8 and Corollary 5.10. □ 
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